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I. INTRODUCTION
The first version of phase space formulation of quantum mechanics was proposed by
Moyal1, who adapted the ideas of Weyl2, Wigner3 and Groenewold4. Unfortunately, this
formalism can be applied only when the phase space of a system is R2n. The successful
generalisation of Moyal’s result was published by Bayen et al.5,6. In these papers quantum
mechanics was presented as a deformed version of classical mechanics with the Dirac constant
~ being the deformation parameter. Since then a new branch of physics and mathematics
called deformation quantization has developed rapidly.
Let (W, ω) be a symplectic manifold. The natural star product on the manifold (W, ω)
is a mapping
∗ : C∞(W)× C∞(W)→ C∞(W)[[~]], (f, g)→
∞∑
i=0
~
iBi(f, g)
fulfilling the requirements:
1. Bi are bidifferential operators of order ≤ i in each argument,
2. B0(f, g) = f · g,
3. B1(f, g) =
1
2
{f, g}P, where {·, ·}P denotes the Poisson bracket,
4. Bi(1, f) = Bi(f, 1) = 0.
The natural ∗–product, which coincides at each order with the Moyal ∗–product, is the
so-called Vey star product.
In his outstanding works7,8 Boris Fedosov presented a recurrent algorithm of construction
of a natural Vey ∗-product on any symplectic manifold. The ∗-product of functions obtained
in this formalism is determined by a symplectic connection on the symplectic manifold.
Every symplectic manifold can be equipped with many symplectic connections. The natural
question arises which one of these symplectic connections is preferable. There are several
criteria for the choice (see a review9). One of them is the simplicity of Fedosov’s recurrent
formulas. Imagine that in the 3rd step of the recurrence on the 6–D symplectic manifold
the number of elements representing the Abelian connection exceeds 1500! Hence the most
desirable are symplectic connections generating finite Abelian connections. Unfortunately,
in many cases such a symplectic connection does not exist or has a very special form10,11.
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Another criterion is compatibility of the symplectic connection with some extra structures
present at the symplectic manifold. For example on pseudo-Ka¨hler manifolds the preferred
symplectic connection preserves the almost complex structure. It is also possible to select
symplectic connections using a variational principle12.
In the current paper we consider symplectic manifolds which are cotangent bundles over
paracompact manifolds. Symplectic manifolds of this type appear in physics as phase spaces
of free systems or systems with scleronomic constraints. Our aim is to equip them with
symplectic connections which generate relatively simple Abelian connections and, moreover,
are natural from a physical point of view. Presented considerations are based on a conviction
that Physics is determined by the geometry of a configuration space.
We emphasise the fact that the problem of quantization on a cotangent bundle has already
been solved13,14. Hence our aim is not to rediscover a star product on a cotangent space
but to introduce some physically reasonable class of ∗–products on it. The fact that these
products will be equivalent does not diminish their role. Equivalent ∗–products usually
lead to different eigenvalues of observables, different time evolution of states, and different
average values of functions. Thus mathematically equivalent star products are physically
distinguishable.
We show that there is a whole family of natural ∗–products satisfying our conditions.
This fact is in agreement with the observation15 that quantum mechanics cannot probably
be reduced to a unique deformation of classical physics.
The first part of the article is dedicated to the special class of symplectic connections
mentioned above. The construction of these connections has been done in a proper Darboux
atlas, which is the set of physically preferable charts. Yet we emphasize that this construction
is global. Its result can be transformed easily into an arbitrary atlas. We show that in
the proper Darboux coordinates we can choose the symplectic connection in such a way
that its coefficients with two or three momenta indices vanish. Moreover, the symplectic
connection components with one momentum index are determined by the linear symmetric
connection on the configuration space of the system. This is the reason why we call this
kind of symplectic connection the compatible symplectic connection. Finally, the symplectic
connection coefficients with three spatial indices are homogeneous functions of momenta.
Besides the homogeneity in the momenta we do not impose any extra conditions on these
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coefficients. Therefore the same linear connection on the base space leads to the whole range
of compatible symplectic connections.
It is worth mentioning that the compatible symplectic connections have interesting geo-
metric properties. Let X be a vector field transported parallel with respect to a compatible
symplectic connection γ along a curve c on a cotangent bundle T ∗M. Then the canonical
projection of the field X on the base space M is parallel propagated along the projected
curve π(c) with respect to the linear connection Γ, which the symplectic connection γ is
compatible with. Coordinate- free characterization of compatible symplectic connections is
presented in Theorem 1.
A special case of our compatible symplectic connection is the induced symplectic connec-
tion ∇0 introduced by Bordemann et al14 and independently by J. F. Pleban´ski et al16. We
analyse this example in detail.
The second part of the paper is of a strictly technical character and is focused on the
Fedosov ∗-product based on compatible symplectic connections. We obtain several prop-
erties of the Abelian connection generated by the compatible symplectic connections. We
point out that in this case the recurrence relation leads to a relatively simple form of the
Abelian connection series. There are only three types of elements appearing in the Abelian
series r. The recurrence is completely determined by the curvature 2–form Rγ+r compo-
nents of the connection γ+ r standing at the elements (y1)i1 · · · (yn)indqα∧ dpβ. We propose
some simplified algorithm of calculating the Abelian connection for compatible symplectic
connections.
Next we present a variety of properties of the flat sections of the Weyl bundle. The flat
sections are determined by functions from the cotangent bundle T ∗M and are applied to
define the ∗–product of these functions. In the same section we consider the ∗-product gen-
erated by the compatible symplectic connection of some special classes of functions. Among
other things we compute the ∗-product of functions dependent only on spatial coordinates
and conclude that this product reduces to the ‘usual’ pointwise product of them. We also
consider the Moyal brackets of positions and momenta. The commutation rules for positions
and momenta are analogous to the ones following from the Dirac quantization scheme and
they are invariant under proper Darboux transformations.
If it is possible, we use the Einstein summation convention. In situations in which the
nature of coordinates ( spatial or momenta ) is not important we denote them by lower case
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Latin letters. The small Greek letters: α, β, . . . represent spatial coordinates. The capital
Latin letters I, J, . . . correspond to momenta coordinates.
II. A SYMPLECTIC CONNECTION ON A COTANGENT BUNDLE
COMPATIBLE WITH SOME LINEAR CONNECTION ON A BASE SPACE
Let (W, ω) be a 2n–D symplectic manifold and let A = {(Uz, φz)}z∈J be an atlas on it.
Definition 1 The symplectic connection γ on W is a torsionfree connection satisfying
the conditions
ωij;k = 0, 1 ≤ i, j, k ≤ 2n, (1)
where the semicolon ‘ ;’ stands for the covariant derivative.
For any point p ∈ W there exist some local coordinates x1, . . . , x2n on a neighborhood of p
such that
ω =
n∑
i=1
dxi ∧ dxi+n. (2)
The chart (Uz, φz) with coordinates x1, . . . , x2n is called the Darboux chart. In the Dar-
boux coordinates the system of equations (1) reads
ωij;k = −γlikωlj − γljkωil = γjik − γijk = 0, (3)
where γijk := γ
l
jkωil. Coefficients γijk are symmetric with respect to the indices {i, j, k}.
Definition 2 The symplectic manifold (W, ω) endowed with the symplectic connection γ is
called a Fedosov manifold and it is denoted by (W, ω, γ).
A symplectic connection exists on any symplectic manifold. Moreover, every symplec-
tic manifold may be equipped with many symplectic connections. In a chart (Uz, φz) the
difference
∆ijk := γijk − γijk
between the coefficients γijk and γijk of two symplectic connections γ and γ on (W, ω) is a
tensor of the type (0, 3), which is symmetric in its indices. Hence, starting from the same
symplectic manifold (W, ω) we may construct many Fedosov manifolds.
5
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Hereafter we will work in Darboux coordinates so locally every symplectic connection
γ will be characterized by the coefficients γijk, which are symmetric in their indices. The
coefficients γijk = ω
ilγljk, where
ωklω
lj = δjk.
The relations:
γ i+nj+n k+n = − γ ji k+n = − γ ki j+n , γ i+nk j+n = γ k+ni j+n = − γ ji k,
γ i+nj k = γ
j+n
i k = γ
k+n
i j , γ
i
j+n k+n = γ
j
i+n k+n = γ
k
i+n j+n , 1 ≤ i, j, k ≤ n (4)
are the straightforward consequence of the symmetry of coefficients γijk in their indices.
Locally the symplectic curvature tensor components are defined as
Kijkl := ωiuK
u
jkl =
∂γijl
∂xk
− ∂γijk
∂xl
+ ωstγtilγsjk − ωstγtikγsjl. (5)
The coefficients Kijkl satisfy the equalities
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Kijkl = −Kijlk , Kijkl = Kjikl, (6)
Kijkl +Kiljk +Kiklj = 0, (7)
Kijkl +Klijk +Kklij +Kjkli = 0. (8)
Observe that property (8) follows from (6) and (7).
The second Bianchi identity reads
Kijkl;m +Kijmk;l +Kijlm;k = 0, (9)
where all covariant derivatives are calculated with respect to the symplectic connection.
Let our symplectic manifold be the cotangent bundle T ∗M over some configuration space
M. Hereafter we assume that M is an n–D paracompact smooth differentiable manifold.
Moreover, let (Uz, φz) be a local chart on the base space M. The local coordinates of a
point p ∈ Uz in the chart (Uz, φz) are (q1, . . . , qn), where n = dimM. There exists the bundle
projection π : T ∗M → M so we can introduce coordinates on π−1(Uz) in a natural way.
Indeed, let P = pidq
i be a cotangent vector at the point p. The coordinates (q˜1, . . . , q˜2n) of
the point (p,P) ∈ π−1(Uz) are defined as:
q˜i = qi, i = 1, . . . , n, q˜i = pi−n, i = n+ 1, . . . , 2n.
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The coordinates (qi, pi) in the chart
(
π−1(Uz), (qi, pi)
)
are known as the coordinates in-
duced by the chart (Uz, φz). In these coordinates the symplectic form determined by the
basic 1–form θ = pidq
i reads
ω := −dθ = dqi ∧ dpi (10)
so the induced coordinates (qi, pi) are also the Darboux coordinates.
Definition 3 Let {(Vv, φv)}v∈J be an atlas on the symplectic manifold T ∗M such that in
every chart the coordinates q˜i = qi, 1 ≤ i ≤ n determine points on the base manifold M
and q˜i+n = pi, 1 ≤ i ≤ n denote momenta in natural coordinates. Every atlas of this form
is called a proper Darboux atlas and every chart of this atlas is known as a proper
Darboux chart. The transition functions define the point transformations
Qk = Qk(qi), Pi =
∂ql
∂Qi
pl, i, k = 1, . . . , n. (11)
Assume that the base manifold M of the cotangent bundle T ∗M is equipped with some
linear connection Γ. We propose some global construction of a symplectic connection on
T ∗M compatible with the linear connection from the base space M. This construction
is not unique. We cover the symplectic manifold T ∗M with a proper Darboux atlas. We
require that in every proper Darboux atlas our symplectic connection γ fulfills two natural
conditions:
1. it ‘contains’ the linear symmetric connection Γ from the base space M and
2. all of the symplectic connection coefficients take the form as simple as possible.
In any proper Darboux chart the first requirement means that ∀α,β,δ γαβδ = Γαβδ.
At the beginning we analyse the transformation rule for a symplectic connection un-
der proper Darboux transformations. As it is known, the general transformation rule for
symplectic connection coefficients is of the form
γ′ijk(Q˜
1, . . . , Q˜2n) =
∂q˜l
∂Q˜i
∂q˜r
∂Q˜j
∂q˜s
∂Q˜k
γlrs(q˜
1, . . . , q˜2n) + ωrd
∂q˜r
∂Q˜i
∂2q˜d
∂Q˜j∂Q˜k
. (12)
In Darboux coordinates the symplectic connection coefficients are symmetric with respect
to all indices so we need to consider only four kinds of elements: γIJK , γIJα, γIαβ and γαβδ.
Components γIJK transform like tensors under proper Darboux transformations and are
functions only of the connection coefficients of the same type. Hence if we assume that all
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coefficients γIJK vanish in some proper Darboux atlas, this property remains true in any
proper Darboux atlas and it is compatible with the transformation rule.
Elements γIJα also transform like tensors under proper Darboux transformations. They
are functions of coefficients of the same kind and γIJK. Thus if all terms γIJK = 0 as we
assumed before and all γIJα = 0 in some proper Darboux atlas, the choice of the connection
coefficients is consistent.
Let us consider the coefficients γIαβ. In general they depend on coefficients of the same
kind, γIJK and γIJα. Remembering previous results we see that this relation reduces to
the dependency on elements of the same type. The nontensorial part ωrd
∂qr
∂Qi
∂2qd
∂Qj∂Qk
of the
transformation formula does not vanish. It is a function only of spatial coordinates. These
two facts suggest the following definition of γIαβ. Let Γ
δ
αβ be linear symmetric connection
coefficients on the base manifold M. Then in proper Darboux coordinates we define
γIαβ(q
1, . . . , qn, p1, . . . , pn) := −ΓI−nαβ (q1, . . . , qn). (13)
This definition establishes the relation between the linear symmetric connection from the
configuration space M and the symplectic connection on the phase space T ∗M. The sym-
plectic connection coefficients γIαβ are determined by the linear symmetric connection on
M and depend only on the spatial coordinates q1, . . . , qn.
Finally we consider the symplectic connection coefficients γαβδ. From (12) we see that
they depend on the terms γIαβ and γαβδ. Moreover, the transformation rule applied to
coefficients γIαβ leads to elements of the form Pαf
α(Q1, . . . , Qn). The consequence of the
transformation rule (12) is also the presence of the expression Pαg
α(Q1, . . . , Qn) following
from the nontensorial part of this rule. Thus it is expected that in every proper Darboux
chart the symplectic connection coefficients γαβδ should be of the form
γαβδ(q
1, . . . , qn, p1, . . . , pn) = pεf
ε
αβδ(q
1, . . . , qn). (14)
Quantities f εαβδ(q
1, . . . , qn) are purely differentiable geometrical objects, which are symmetric
with respect to the indices {α, β, δ}. Under proper Darboux transformations they obey the
following transformation rule
f ′
ε
αβδ(Q
1, . . . , Qn) =
∂qη
∂Qα
∂qτ
∂Qβ
∂qυ
∂Qδ
∂Qε
∂qµ
fµητυ(q
1, . . . , qn)+
+
n∑
κ=1
∂2Qε
∂qµ∂qκ
(
∂qµ
∂Qα
∂qτ
∂Qβ
∂qυ
∂Qδ
+
∂qτ
∂Qα
∂qυ
∂Qβ
∂qµ
∂Qδ
+
∂qτ
∂Qα
∂qµ
∂Qβ
∂qυ
∂Qδ
)
γκ+n τυ(q
1, . . . , qn)+
8
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+
∂qη
∂Qα
∂qτ
∂Qβ
∂qυ
∂Qδ
∂3Qε
∂qη∂qτ∂qυ
. (15)
The last step in our construction is to put together the coefficients γαβδ on intersections
of charts. Since the base manifold is paracompact we can use the partition of unity. Let
{gz}z∈J be a partition of unity corresponding to an atlas {(Uz, φz)}z∈J onM. Then we define
γαβδ :=
∑
z∈J
gz(γαβδ)z.
Locally these coefficients are of the form (14). Notice that they disappear on the base space
M.
The construction of the symplectic connection γ on the cotangent bundle T ∗M has been
completed. This natural symplectic connection will be called the compatible symplec-
tic connection. Although our considerations have been made locally, the proposed con-
struction of the compatible symplectic connection is global (compare the paragraph about
existence and extension of connections18).
A symplectic connection on a 2–D symplectic manifold in a Darboux chart is determined
by 2
3
n(n + 1)(2n + 1) coefficients. In the case of a compatible symplectic at least a half of
them vanishes.
The compatible symplectic connection coefficients γijk on the cotangent bundle T ∗M in
a proper Darboux chart are:
γαJK = γ
I
JK = γ
α
Jβ = 0,
γ
β+n
Iα = γ
α+n
Iβ = −γI−nαβ = γIαβ = −ΓI−nαβ ,
γ
β+n
αδ = γ
δ+n
αβ = γ
α+n
βδ = γαβδ. (16)
This result is in agreement with (4).
The compatible symplectic connections have nice geometric properties. Let c : q˜i =
q˜i(t), i = 1, . . . , 2n, t ∈ R be a smooth curve on the cotangent bundle T ∗M. Moreover, let
X denote a vector field parallel along this curve. Locally it means that
dX i
dt
+ γijkX
j dq˜
k
dt
= 0. (17)
Then using relations (16) we see that the set of equations (17) can be divided in two parts:
the conditions
dXα
dt
+ γαijX
idq˜
j
dt
(16)
=
dXα
dt
+ ΓαβδX
β dq
δ
dt
= 0 (18)
9
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and some other relations of the kind
dXI
dt
+ γIjkX
j dq˜
k
dt
= 0.
Now we project the curve c in the canonical way on the base spaceM. This projected curve
π(c) is described by the system of equations π(c) : qα = qα(t), α = 1, . . . , n, t ∈ R. The
vector field X transforms under this canonical projection into a vector field π∗(X). As we
can see from (18) the vector field π∗(X) is parallel propagated on the curve π(c). Thus we
conclude that
Proposition 1 Every compatible symplectic connection guarantees that for every vector field
X parallel transported along the curve c on the cotangent bundle T ∗M the canonical projec-
tion π∗(X) of this field on the base space M is parallel propagated along the projected curve
π(c).
Moreover, if we consider the vector field X i = dq˜
i(t)
dt
, we see that the canonical projection
of any geodesic in T ∗M with respect to the compatible symplectic connection γ onto the
base space M is the geodesic with respect to the linear symmetric connection Γ with the
same affine parameter.
Let θ denote, as before, the basic 1−form on the cotangent bundle T ∗M. The canonical
vector field V on T ∗M is defined by the relation
iV ω = −θ.
Locally in Darboux coordinates V = pǫ
∂
∂pǫ
.
Definition 4 If for all vector fields X, Y ∈ Γ(T 10 (T ∗M)) the following equality holds
LV∇XY −∇LVXY −∇XLV Y = 0,
then the connection ∇ on the cotangent bundle T ∗M is homogeneous.
The symbol LV stands for the Lie derivative with respect to the canonical vector field V.
In a proper Darboux chart it means that ∀α,I
pǫ
∂Γαβδ
∂pǫ
XβY δ + pǫ
∂ΓαJβ
∂pǫ
XJY β + pǫ
∂ΓαβJ
∂pǫ
XβY J + pǫ
∂ΓαJL
∂pǫ
XJY L+
+ 2ΓαJLX
JY L + ΓαJβX
JY β + ΓαβJX
βY J = 0 (19)
10
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and
pǫ
∂ΓIβδ
∂pǫ
XβY δ + pǫ
∂ΓIJβ
∂pǫ
XJY β + pǫ
∂ΓIβJ
∂pǫ
XβY J + pǫ
∂ΓIJL
∂pǫ
XJY L − ΓIβδXβY δ +ΓIJLXJY L = 0,
(20)
where symbols Γijk denote coefficients of the connection ∇. Substituting (16) into (19) and
(20) we conclude that the proposition holds.
Proposition 2 Every compatible symplectic connection is homogeneous.
Let τ
locally
= τǫdq
ǫ be a 1–form defined on the base spaceM. By a vertical lift of the form
τ we understand the vector field τV on the cotangent bundle T ∗M
τV
locally
=
n∑
ǫ=1
τǫ
∂
∂pǫ
. (21)
Geometric definition of the vertical lift has been presented by Yano and Ishihara19.
Moreover, let X
locally
= Xǫ ∂
∂qǫ
denote a vector field on the base space M. A horizontal
lift of the vector field X is the vector field XH on the cotangent bundle T ∗M
XH
locally
= Xǫ
∂
∂qǫ
+ pαΓ
α
βǫX
ǫ ∂
∂pβ
. (22)
By Γαβǫ we denote coefficients of a linear symmetric connection Γ on the base manifold M.
The definition of the horizontal lift can be seen in ref.19.
The covariant differentiation with respect to a connection Γ˜ will be represented by the
symbol ∇(Γ˜). After simple calculations we see that the following equalities hold.
Proposition 3 Let Γ be a linear symmetric connection on a manifold M and γ be a sym-
plectic connection on the cotangent bundle T ∗M compatible with the connection Γ. Then for
every 1– form τ, σ and every vector field X defined on the manifold M
∇(γ)
σV
τV = 0 , ∇(γ)
σV
XH = 0 , ∇(γ)
XH
τV =
(
∇(Γ)X τ
)V
. (23)
We formulate the theorem.
Theorem 1 A symplectic connection γ on a cotangent bundle T ∗M is compatible with a
linear symmetric connection Γ on the base space M iff it is homogeneous and satisfies the
conditions
∇(γ)
σV
τV = 0 , ∇(γ)
σV
XH = 0. (24)
11
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Proof
First, assume that γ is a symplectic connection compatible with a linear symmetric
connection Γ. Then, from Propositions 2 and 3, it is homogeneous and it satisfies conditions
(24).
Conversely, assume that a symplectic homogeneous connection γ on T ∗M fulfills condi-
tions (24). Write the relation ∇(γ)
σV
τV = 0 in a proper Darboux chart. From (21) we get that
the spatial component β of ∇(γ)
σV
τV equals
(
∇(γ)
σV
τV
)β
=
n∑
α,ǫ=1
γ
β
α+n ǫ+n σατǫ = 0
for arbitrary 1– forms σ, τ . Thus there must be ∀ α, β, ǫ γβα+n ǫ+n = 0.
Now (
∇(γ)
σV
τV
)β+n
=
n∑
α,ǫ=1
γ
β+n
α+n ǫ+n σατǫ = 0.
We see that ∀ α, β, ǫ γβ+nα+n ǫ+n = 0. Moreover, from (4) we obtain that ∀ α, β, ǫ γ βα ǫ+n = 0.
The relation
(
∇(γ)
σV
XH
)β+n
=
n∑
α,ǫ=1
Γαβ ǫσαX
ǫ +
n∑
α,ǫ=1
γ
β+n
α+n ǫσαX
ǫ +
n∑
α,δ,ǫ,τ=1
pδΓ
δ
τ ǫ γ
β+n
α+n τ+nσαX
ǫ = 0
can be simplified, due to the previous result that all coefficients γβ+nα+n ǫ+n disappear. Thus
n∑
α,ǫ=1
(
Γαβ ǫ + γ
β+n
α+n ǫ
)
σαX
ǫ = 0.
Hence, ∀ α, β, ǫ γβ+nα+n ǫ = −Γαβ ǫ. Applying (4) we conclude that also ∀ α, β, ǫ Γαβ ǫ = γαβ ǫ.
Finally, consider the fact, that our symplectic connection is homogeneous. Applying
previous results we find that Eq. (20) reduces to the form
pǫ
∂γIαβ
∂pǫ
− γIαβ = 0. (25)
A general solution of it is a function γIαβ =
1√∑n
ǫ=1 p
2
ǫ
f
(
p1√∑n
ǫ=1 p
2
ǫ
, . . . , pn√∑n
ǫ=1 p
2
ǫ
, q1, . . . , qn
)
homogeneous in momenta. We assume that the coefficients of the symplectic connection
γ are smooth functions on T ∗M. Hence for the fixed indices I, α, β the function γIαβ is
differentiable at every point (p1 = 0, . . . , pn = 0, q
1, . . . , qn). From formula (25) we obtain
12
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that γIαβ(0, . . . , 0, q
1, . . . , qn) = 0. The directional derivative of γIαβ in the direction ~v =(
v1√∑n
i=1 v
2
i
, . . . , vn√∑n
i=1 v
2
i
, 0, . . . , 0
)
at the point (0, . . . , 0, q1, . . . , qn) equals
lim
t→0+
γIαβ
(
t · v1√∑n
i=1 v
2
i
, . . . , t · vn√∑n
i=1 v
2
i
, q1, . . . , qn
)
− γIαβ(0, . . . , 0, q1, . . . , qn)
t
=
= γIαβ
(
v1√∑n
i=1 v
2
i
, . . . ,
vn√∑n
i=1 v
2
i
, q1, . . . , qn
)
. (26)
On the other hand the directional derivative (26) at the point (0, . . . , 0, q1, . . . , qn) can be
written as
n∑
ǫ=1
∂γIαβ(0, . . . , 0, q
1, . . . , qn)
∂pǫ
· vǫ√∑n
i=1 v
2
i
. (27)
Comparing results (26) and (27) we conclude that locally
γIαβ =
n∑
ǫ=1
pǫf
I ǫ
αβ(q
1, . . . , qn).
Thus we proved that the symplectic homogeneous connection γ which fulfills conditions (24)
is compatible with the linear connection Γ on the base space M.
In proper Darboux coordinates the nonvanishing components of the symplectic curvature
tensor K of the symplectic connection (16) are KI βγδ, Kαβγ I and Kαβγδ. The coefficients of
the first group are determined by the curvature tensor of the linear symmetric connection
from the base manifold M. It is easy to show that
Kα+n βγδ(q
1, . . . , qn, p1, . . . , pn) = −Rαβγδ(q1, . . . , qn).
Thus we conclude that the coefficients Kα+n βγδ do not depend on momenta. By R
α
βγδ we
mean components of the curvature tensor of the linear symmetric connection Γ.
Moreover, from (6) and (7) we see that
KI βγδ = Kβδγ I −Kβγδ I . (28)
The components Kβδγ I are functions of spatial coordinates only.
Finally the elementsKαβγδ are of the formKαβγδ =
∑n
ǫ=1 pǫ(Kαβγδ)ǫ,where ∀1≤ǫ≤n(Kαβγδ)ǫ
are functions of variables q1, . . . , qn.
From the second Bianchi identity (9) we get
(Kαβγδ)ǫ =
∂Kαβγǫ+n
∂qδ
−∂Kαβδǫ+n
∂qγ
+
n∑
υ=1
γǫ+n υα
(
Kβδγυ+n−Kβγδυ+n
)
+
n∑
υ=1
γǫ+n υβ
(
Kαδγυ+n−Kαγδυ+n
)
+
13
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+
n∑
υ=1
γυ+n αδKυβγǫ+n+
n∑
υ=1
γυ+n βδKυαγǫ+n−
n∑
υ=1
γυ+n αγKυβδǫ+n−
n∑
υ=1
γυ+n βγKυαδǫ+n. (29)
Hence we conclude that to obtain the complete symplectic curvature tensor we need to
know all of the curvature tensor components KαβγI and the linear connection on the base
manifold M. Flatness of the base space M is the necessary but not sufficient condition for
the cotangent bundle T ∗M to be symplectic flat.
As it can be seen from (28) and (29) the necessary and sufficient condition for a compatible
symplectic connection to be flat is that
∀I,β,γ,δ KβγδI = 0. (30)
From property (8) and Definition (5) of the symplectic curvature tensor components we see
that the requirement (30) is equivalent to the following statement.
Theorem 2 A symplectic connection γ compatible with a linear symmetric connection Γ is
flat if and only if the linear symmetric connection Γ is flat and in every proper Darboux
chart the coefficients γαβδ of the compatible symplectic connection are equal
γαβδ =
1
3
n∑
ǫ,υ=1
pǫ
(
∂γǫ+n βδ
∂qα
+
∂γǫ+n αβ
∂qδ
+
∂γǫ+n αδ
∂qβ
+ 2γǫ+n υαγυ+n βδ + 2γǫ+n υδγυ+n αβ + 2γǫ+n υβγυ+n αδ
)
.
This result will also appear in the next section.
Moreover, from formula (5) we see, that two symplectic connections γ and γ˜ compatible
with the same linear symmetric connection Γ but having different components γαβδ, are
characterised by different symplectic curvature tensors.
The symplectic Ricci tensor Kij := ω
lsKlisj. In a cotangent bundle equipped with a
compatible symplectic connection only components
Kαβ = −
n∑
ǫ=1
Kαβǫ ǫ+n (31)
can be different from 0. Thus the Fedosov manifold (T ∗M, ω, γ) with a compatible symplec-
tic connection γ is Ricci flat if and only if in a proper Darboux atlas ∀α,β
∑n
ǫ=1Kαβǫ ǫ+n = 0.
III. EXAMPLES OF COMPATIBLE SYMPLECTIC CONNECTIONS
In the first part of this section we consider a symplectic connection induced by some
linear connection. This kind of symplectic connection is a special case of the compatible
14
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symplectic connection. The example is based on ideas presented by Yano and Ishihara19. A
similar problem was considered by Pleban´ski et al16. It also appeared in another context in
article14.
Assume that the n–D base manifold M is endowed with a linear symmetric connection
Γ. The tensor field g˜ ∈ Γ(T 02 (T ∗M)) in proper Darboux coordinates is defined as
g˜jk =

 −2pǫΓǫαβ 1
1 0

 . (32)
By 1 and 0 we denote the identity and zero matrices of the dimension n × n respectively.
The coefficients Γǫαβ are components of the linear symmetric connection on M.
The tensor field g˜ of the type (0, 2) is symmetric and nondegenerate. Its signature is
(+, . . . ,+︸ ︷︷ ︸
n times
,−, . . . ,−︸ ︷︷ ︸
n times
). The pair (T ∗M, g˜) is a 2n–D Riemannian manifold. The Levi– Civita
connection Γ˜ on it is determined by the tensor g˜ according to the well known relation
Γ˜ijk =
1
2
g˜il
(
∂g˜lk
∂q˜j
+
∂g˜lj
∂q˜k
− ∂g˜jk
∂q˜l
)
. (33)
By g˜il we mean components of the tensor inverse to the metric tensor g˜.
It can be easily checked that the coefficients of the Levi– Civita connection on the manifold
(T ∗M, g˜) are
Γ˜αβδ = Γ
α
βδ , Γ˜
α
βI = 0 , Γ˜
α
IJ = 0,
Γ˜α+nβδ = pǫ
(
∂Γǫβδ
∂qα
− ∂Γ
ǫ
αβ
∂qδ
− ∂Γ
ǫ
δα
∂qβ
+ 2ΓǫυαΓ
υ
βδ
)
, Γ˜α+nβ δ+n = −Γδαβ , Γ˜IJK = 0. (34)
Let us lower the upper index of Christoffel symbols Γ˜ ijk by their contraction with the
symplectic form. The coefficient Γ˜ijk := ωilΓ˜
l
jk.
Γ˜α+n βδ = −Γαβδ , Γ˜IJα = 0 , Γ˜IJK = 0,
Γ˜αβδ = pǫ
(
∂Γǫβδ
∂qα
− ∂Γ
ǫ
αβ
∂qδ
− ∂Γ
ǫ
δα
∂qβ
+ 2ΓǫυαΓ
υ
βδ
)
, Γ˜αβ δ+n = −Γδαβ , Γ˜αIJ = 0.
It is known17 that a symplectic manifold (W, ω) endowed with some symmetric affine connec-
tion Γ can be equipped with a symplectic connection. In any Darboux chart the coefficients
of that symplectic connection are equal
γijk :=
1
3
(Γijk + Γjik + Γkij) . (35)
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Applying the formula (35) to the Levi– Civita connection Γ˜ on the manifold (T ∗M, g˜)
we obtain the symplectic connection on T ∗M induced by the Levi– Civita connection.
Moreover, since the metric tensor g˜ (32) is a function of the linear symmetric connection Γ
on the configuration spaceM then in fact the symplectic connection γ is determined by the
connection on the base space M.
In proper Darboux coordinates the coefficients of the induced symplectic connection on
T ∗M read
γα+n βδ = −Γαβδ, γ IJα = 0, γ IJK = 0,
γαβδ = −1
3
pǫ
(
∂Γǫβδ
∂qα
+
∂Γǫαβ
∂qδ
+
∂Γǫαδ
∂qβ
− 2ΓǫυαΓυβδ − 2ΓǫυδΓυαβ − 2ΓǫυβΓυαδ
)
. (36)
The induced symplectic connection γ and the Levi– Civita connection Γ˜ on T ∗M are dif-
ferent.
The nonvanishing components of the symplectic curvature tensor K of the symplectic
connection (36) in proper Darboux coordinates are
Kα+n βγδ = −Rαβγδ , Kαβγ δ+n =
1
3
(
Rδαβγ +R
δ
βαγ
)
,
Kαβγδ = −1
3
pǫ
(
Rǫβγδ;α+R
ǫ
αγδ;β+3Γ
ǫ
υαR
υ
βγδ+3Γ
ǫ
υβR
υ
αγδ+(R
υ
αβγ+R
υ
βαγ)Γ
ǫ
δυ−(Rυαβδ+Rυβαδ)Γǫγυ
)
.
(37)
By Rαβγδ we understand components of the Riemannian curvature tensor of the connection
Γ˜.
From formulas (36) and (37) we see that, unlike the general case of a compatible sym-
plectic connection, in the considered example the symplectic connection and its curvature
are determined by components γα+n βδ, Kα+n βγδ and their derivatives only. Indeed,
γαβδ =
1
3
n∑
ǫ,υ=1
pǫ
(
∂γǫ+n βδ
∂qα
+
∂γǫ+n αβ
∂qδ
+
∂γǫ+n αδ
∂qβ
+ 2γǫ+n υαγυ+n βδ + 2γǫ+n υδγυ+n αβ + 2γǫ+n υβγυ+n αδ
)
(38)
and
Kαβγ δ+n = −1
3
(
Kδ+n αβγ +Kδ+n βαγ
)
, (39)
Kαβγδ = −1
3
n∑
ǫ,υ=1
pǫ
(
−∂Kǫ+n βγδ
∂qα
− ∂Kǫ+n αγδ
∂qβ
+ 4γǫ+n αυKυ+n βγδ + 4 γǫ+n βυKυ+n αγδ+
− γǫ+n γυKυ+n αβδ − γǫ+n γυKυ+n βαδ + γǫ+n δυKυ+n αβγ + γǫ+n δυKυ+n βαγ + γυ+n αδKǫ+n βυγ+
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+ γυ+n βδKǫ+n αυγ − γυ+n αγKǫ+n βυδ − γυ+n βγKǫ+n αυδ − 2γυ+n αβKǫ+n υγδ
)
. (40)
Using (38) we conclude that the symplectic connection induced by a Riemannian connection
is defined by 1
2
n2(n+1) functions γα+n βδ and their partial derivatives. All of these functions
depend only on spatial coordinates q1, . . . , qn.
Thus from (39) and (40) we notice, that the induced symplectic curvature tensor is
fully characterised by its 1
3
n2(n2 − 1) components: Kα+n ββγ , β < γ , Kα+n βγβ, γ <
β ,Kα+n βγδ depending only on spatial coordinates, partial derivatives of these coefficients
and the symplectic connection coefficients γα+n βδ. We remind the reader ( see formula (7))
that
Kα+n γβδ = Kα+n βγδ +Kα+n δβγ , β < γ < δ.
It follows from (6), (7) and (39) that in any proper Darboux chart
Kαβγ δ+n +Kγαβ δ+n +Kβγα δ+n = 0. (41)
Applying (6), (7) and (41) we get back (39). Thus properties (39) and (41) are equivalent.
The immediate consequence of the identity (41) is the relation Kααα β+n = 0.
In the set of the symplectic connections fulfilling the requirements:
1. γα+n β+n δ = 0, γα+n β+n δ+n = 0,
2. γα+n βδ are some functions of spatial coordinates q
1, . . . , qn,
3. on the base space M all of coefficients γαβδ disappear
only the curvature tensor of the induced symplectic connection (36) satisfies (41). Indeed,
for the fixed indices α, β, γ, δ we obtain from (5) and (41) that
0 =
∂γαβδ+n
∂qγ
− ∂γαβγ
∂pδ
+ωǫυγυαδ+nγǫβγ − ωǫυγυαγγǫβδ+n+ ∂γαγδ+n
∂qβ
− ∂γαβγ
∂pδ
+ωǫυγυαδ+nγǫβγ+
− ωǫυγυαβγǫγδ+n + ∂γβγδ+n
∂qα
− ∂γαβγ
∂pδ
+ ωǫυγυγδ+nγǫαβ − ωǫυγυαγγǫβδ+n. (42)
Solving the system of differential equations (42) numerated by δ for the fixed α, β, γ and
taking into account the 3rd condition from the list above we see that in Darboux coordinates
every coefficient γαβγ must be of the form (38).
Applying Theorem 2 to the induced symplectic connection we see that the induced sym-
plectic connection is the only one compatible symplectic connection which is flat for the flat
linear symmetric connection on the base manifold M.
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From (31) and (37) we conclude that potentially nonzero components of the symplectic
Ricci tensor are
Kαβ =
1
3
(
Rαβ +Rβα
)
,
where Rαβ are elements of the Ricci tensor on the base manifold. In the case when Rαβ is
the Ricci tensor of a Levi– Civita connection it is symmetric. Hence a symplectic manifold
T ∗M is Ricci flat if and only if the Riemannian manifold M is Ricci flat.
Assume that the base manifold M is a Riemannian manifold with a metric structure
determined locally by the metric tensor gαβ. This metric structure introduces the unique
Levi– Civita connection on M (see formula (33)). A smooth curve c : R → M is locally
characterized by the system of equations qα = qα(t), t ∈ R. The lift of c from the Riemannian
manifold M to the cotangent bundle T ∗M is the smooth curve c˜ : R → T ∗M locally
expressed by the set of equations
 q
α = qα(t),
pα = gαβ
(
qδ(t)
)
dqβ(t)
dt
, t ∈ R.
Among all symplectic connections compatible with the Levi– Civita connection on the base
manifold M, only in the case of the induced symplectic connection the lift of any geodesic
on M with respect to the Levi– Civita connection on M is a geodesic with respect to the
induced symplectic connection (36) on T ∗M16.
The second proposed choice of a compatible symplectic connection can be applied only
in certain situations. We shall analyse one of them.
Let us assume that a n–D base manifold M can be covered with an atlas in which all
transition functions are linear. Thus locally
∀α Qα = aαβ qβ.
By aαβ we denote elements of the matrix of transformation between ‘old’ coordinates q
β and
‘new’ ones Qα. The matrix a does not depend on the point and it is nonsingular.
Then in the proper Darboux atlas on the cotangent bundle T ∗M we propose the following
compatible symplectic connection:
∀I,J,K ∀α,β,δ γIJK = γIJα = γαβδ = 0 , γIαβ = −ΓI−nαβ (q1, . . . , qn). (43)
18
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Hence the compatible symplectic connection is completely characterized by its 1
2
n2(n + 1)
coefficients depending only on spatial coordinates. The straightforward consequence of this
fact is the observation that among symplectic curvature tensor components only KI αβδ and
Kαβδ I can be different from 0. They are related by equality (28). All of them are functions
of spatial coordinates exclusively.
IV. THE FEDOSOV DEFORMATION QUANTIZATION FOR A
COMPATIBLE SYMPLECTIC CONNECTION
In this section we consider some construction of a natural ∗–product on the cotangent
bundle T ∗M. As it is known20 any natural ∗–product on a symplectic manifold (W, ω) de-
termines a unique symplectic connection. Moreover, using geometric construction proposed
by Fedosov we are able, starting from some fixed symplectic connection on the symplec-
tic manifold, to construct a natural star product on this manifold. Hence we are going to
analyse a family of ∗–products constructed according to the Fedosov method and based on
compatible symplectic connections.
All of these ∗–products are equivalent. However, eigenvalues of observables, time evolu-
tion of states, mean values of functions etc. depend in quantum mechanics on the choice of
a ∗–product itself instead of its equivalence class. This is the reason why from the physical
point of view the proposed ∗–products seem to be worth analysing.
Considerations presented in this part of our paper have been divided in three subsections.
In the first one we analyse the construction and properties of an Abelian connection deter-
mined by the compatible symplectic connections introduced in the second chapter. The next
subsection is devoted to flat sections of the Weyl bundle and the ∗-product generated by
the compatible symplectic connections. Some examples end this section.
We assume that the reader is familiar with the Fedosov quantization algorithm. For
details see references7,8.
A. The Abelian connection
Let (W, ω, γ) be a Fedosov manifold covered by an atlas A = {(Uz, φz)}z∈J . By ~ we
denote a deformation parameter. We assume that it is positive. In physics the deformation
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parameter ~ is identified with the Dirac constant. The symbols y1, . . . , y2n represent the
components of an arbitrary vector y belonging to the tangent space TpW at the point
p ∈ W with respect to the natural basis ( ∂
∂xi
)
p
determined by the chart (Uz, φz) such that
p ∈ Uz.
We introduce the formal series
a :=
∞∑
l=0
~
kak,j1...jly
j1 . . . yjl, k ≥ 0 (44)
at point p. By ak,j1...jl we mean the components of a covariant tensor totally symmetric with
respect to the indices {j1, . . . , jl} in the natural basis dxj1 ⊙ . . . ⊙ dxjl. For l = 0 we have
a = ~kak, where elements ak are smooth functions on the manifold W.
The part of the series a standing at ~k and containing l components of the vector y will
be denoted by a[k, l]. Thus
a =
∞∑
k=0
∞∑
l=0
~
ka[k, l]. (45)
The degree deg(a[k, l]) of the component a[k, l] equals 2k + l.
Notice that since ak,j1...jl are totally symmetric in the indices {j1, . . . , jl}, the element a
defined by the formula (44) can be understood as the polynomial
a =
∞∑
z=0
[ z2 ]∑
k=0
~
ka˜k,i1...i2n(y
1)i1 . . . (y2n)i2n , (46)
where 0 ≤ i1, . . . , i2n ≤ z − 2k , i1 + · · ·+ i2n = z − 2k.
The symbol
[
z
2
]
denotes the integer part of z
2
. The relation between the tensor components
ak,j1...jl and the polynomial coefficients a˜k,i1...i2n reads
a˜k,i1...i2n =
(z − 2k)!
i1! · · · i2n! ak11 . . . 1︸ ︷︷ ︸
i1 indices
...2n 2n . . . 2n︸ ︷︷ ︸
i2n indices
. (47)
Let P ∗
p
W[[~]] denote a set of all elements a of the form (44) at the point p.
The product ◦ : P ∗
p
W[[~]] × P ∗
p
W[[~]] → P ∗
p
W[[~]] of two elements a, b ∈ P ∗
p
W[[~]] is the
mapping
a ◦ b :=
∞∑
t=0
1
t!
(
−i~
2
)t
ωi1j1 · · ·ωitjt ∂
ta
∂yi1 . . . ∂yit
∂tb
∂yj1 . . . ∂yjt
. (48)
As it is known10, in Darboux coordinates we have
(yi)r(yi+n)j ◦ (yi)s(yi+n)k = r! j! s! k!
min[r,k]+min.[j,s]∑
t=0
(
i~
2
)t
(yi)r+s−t(yi+n)k+j−t×
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×
min[j,s,t]∑
a=max[t−r,t−k,0]
(−1)a 1
a! (t− a)! (r − t+ a)! (j − a)! (s− a)! (k − t + a)! . (49)
The pair (P ∗
p
W[[~]], ◦) is a noncommutative associative algebra called the Weyl algebra.
Taking a set of the Weyl algebras (P ∗
p
W[[~]], ◦) at all points of the manifold W we obtain
the Weyl bundle
P∗W [[~]] :=
⋃
p∈W
(P ∗
p
W[[~]], ◦).
Geometric structure of the Fedosov deformation quantization is based on them-differential
form calculus with values in the Weyl bundle. Locally such a form can be written as follows
a =
∞∑
l=0
~
kak,j1...jl,s1...sm(x
1, . . . , x2n)yj1 . . . yjldxs1 ∧ · · · ∧ dxsm, (50)
where 0 ≤ m ≤ 2n. Now ak,i1...il,j1...jm(x1, . . . , x2n) are components of smooth tensor fields
onW and C∞(T W) ∋ y locally= yi ∂
∂xi
is a smooth vector field onW. We use the same symbol
for the vector field y ∈ C∞(T W) and the vector y ∈ TpW. From now on we will omit the
variables x1, . . . , x2n in ak,j1...jl,s1...sm(x
1, . . . , x2n).
Differential forms of the type (50) are smooth sections of the direct sum
P∗W [[~]]⊗ Λ := ⊕2nm=0(P∗W[[~]]⊗ Λm). By Λm we mean the space of smooth m–forms on
W.
The commutator of forms a ∈ C∞(P∗W [[~]]⊗ Λm1) and b ∈ C∞(P∗W[[~]]⊗ Λm2) is the
form [a, b] ∈ C∞(P∗W [[~]]⊗ Λm1+m2) defined as
[a, b] := a ◦ b− (−1)m1·m2b ◦ a. (51)
Definition 5 The antiderivation operator δ : C∞(P∗W [[~]]⊗Λm)→ C∞(P∗W [[~]]⊗Λm+1)
is defined by
δa := dxk ∧ ∂a
∂yk
. (52)
The operator δ lowers the degree of the elements of P∗W[[~]]⊗ Λ by 1.
Every two forms a ∈ C∞(P∗W[[~]]⊗ Λm1) and b ∈ C∞(P∗W[[~]]⊗ Λ) satisfy
δ(a ◦ b) = (δa) ◦ b+ (−1)m1a ◦ (δb). (53)
The operator δ−1 : C∞(P∗W [[~]]⊗ Λm)→ C∞(P∗W [[~]]⊗ Λm−1) is defined by
δ−1a =


1
l+m
yk ∂
∂xk
⌋a for l +m > 0,
0 for l +m = 0,
(54)
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where l is the degree of a in yj’s and it equals the number of yj’s. The operator δ−1 raises
the degree of the forms of P∗W [[~]]⊗ Λ in the Weyl algebra by 1.
The exterior covariant derivative ∂γ of a form a ∈ C∞(P∗W[[~]]⊗ Λm) determined by a
symplectic connection γ is the linear operator
∂γ : C
∞(P∗W[[~]]⊗ Λm)→ C∞(P∗W[[~]]⊗ Λm+1)
such that
∂γa := dx
k ∧ a;k.
In a Darboux chart
∂γa = da+
i
~
[γ, a]. (55)
The 1–form γ standing at the commutator γ := 1
2
γijky
iyjdxk. If the connection γ is a
compatible symplectic connection, the 1–form γ contains three kinds of elements (the indices
α, β, ǫ, I are fixed!): 2−δ
βǫ
2
γIβǫy
βyǫdpI−n, β ≤ ǫ , γI βǫyβyIdqǫ and 2−δαβ2 γαβǫyαyβdqǫ, α ≤ β.
For every symplectic connection 1–form γ its antiderivation δγ = 0. Remember that the
coefficients γαβǫ are of the form (14).
The curvature 2–form Rγ of γ in a Darboux chart can be expressed by the formula
Rγ = dγ +
i
2~
[γ, γ] = dγ +
i
~
γ ◦ γ. (56)
Assume that γ is determined by a compatible symplectic connection. Thus we obtain that
the form Rγ consists of three types of terms (all indices are fixed!):
2−δαβ
2
Kαβǫ υ+ny
αyβdqǫ ∧
dpυ , α ≤ β , KI αβǫyαyIdqβ ∧ dqǫ , β < ǫ, and 2−δαβ2 Kαβǫυyαyβdqǫ ∧ dqυ, α ≤ β , ǫ < υ.
The terms Kαβǫυ are homogeneous functions of momenta pα. Property δRγ = 0 follows
from (56) and (53). It is equivalent to (7).
Let us introduce a new symbol. The coefficient a[υ|i1, . . . , in|τ |j, k] stands at
a[υ|i1, . . . , in|τ |j, k] pυ (y1)i1 · · · (yn)inyτ+ndxj ∧ dxk, 1 ≤ j < k ≤ 2n.
The crucial role in Fedosov’s deformation quantization is played by an Abelian connection
γ˜. By definition the Abelian connection γ˜ is the connection in the Weyl algebra bundle whose
curvature is a central form. Hence for any a ∈ C∞(P∗W [[~]]⊗ Λ) we obtain ∂γ˜(∂γ˜a) = 0.
The Abelian connection proposed by Fedosov is of the form
γ˜ = ωijy
idxj + γ + r. (57)
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Its curvature
Rγ˜ = −1
2
ωj1j2dx
j1 ∧ dxj2 +Rγ − δr + ∂γ˜ + 1
i~
r ◦ r.
The requirement Rγ˜ = −12ωj1j2dxj1 ∧ dxj2 imposes the following condition on the series r
δr = Rγ + ∂γr +
i
~
r ◦ r. (58)
Fedosov has shown7 that Eq. (58) has a unique solution
r = δ−1Rγ + δ
−1
(
∂γr +
i
~
r ◦ r
)
(59)
fulfilling conditions: δ−1r = 0 and deg(r) ≥ 3.
Let r[z] denote the component r[z] :=
∑[ z−1
4
]
k=0 h
2krm[2k, z − 4k]dxm, z ≥ 3 of r of the
degree z. Kravchenko21 and Vaisman22 found that
r[3] = δ−1Rγ ,
r[z] = δ−1
(
∂γr[z − 1] + i
~
z−2∑
j=3
r[j] ◦ r[z + 1− j]
)
, z ≥ 4. (60)
This result can be written in a compact form
r[z] = δ−1Rγ+r[z − 1], z ≥ 3. (61)
The expression Rγ+r[z − 1] is the part of the curvature of the connection γ +
∑z−1
i=3 r[i] of
the degree (z− 1). From the relation (58) we deduce that δRγ+r[z] = 0 for z ≥ 2. Moreover,
the 2–form Rγ+r fulfills the Bianchi identity
dRγ+r +
i
~
[γ + r, Rγ+r] = 0. (62)
If γ is a compatible symplectic connection not containing ~, there is ∀z≥2 ∂Rγ+r [z]∂~ = 0.
Moreover, we see that Rγ+r[z] is a sum of three kinds of elements:
1. R[0|i1, . . . , in|0|α, β + n] (y1)i1 · · · (yn)indqα ∧ dpβ, 0 ≤ i1, . . . , in ≤ z, i1 + · · ·+ in = z.
There are n2

 z + n− 1
z

 elements of this type.
2. R[0|i1, . . . , in|τ |α, β] (y1)i1 · · · (yn)inyτ+ndqα∧dqβ, 0 ≤ i1, . . . , in ≤ z−1, i1+ · · ·+ in =
z − 1, α < β. We get n

 (z − 1) + n− 1
z − 1



 n
2

 terms of this form.
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3. R[υ|i1, . . . , in|0|α, β] pυ (y1)i1 · · · (yn)indqα ∧ dqβ, 0 ≤ i1, . . . , in ≤ z, i1 + · · · + in =
z, α < β. There are n

 z + n− 1
z



 n
2

 elements of this kind. Every function
R[υ|i1, . . . , in|τ |j, k] depends only on spatial coordinates q1, . . . , qn.
There are some constraints imposed on these functions. All elements from the first class
are chosen to be independent. Every coefficient standing at a term from the second group
is determined by two coefficients belonging to the first class (see formula (64)). Among the
third set we can choose a special group of n(z+1)

 n+ z
z + 2

 elements. The selection method
will be presented below. Any other coefficient from the third group is a linear function of
these selected ones.
Let us consider consequences of the restriction δRγ+r[z] = 0, z ≥ 2. We start from
n

 (z − 1) + n− 1
z − 1



 n
2

 nontrivial equations containing terms of the first and of the
second kind.(
(iα+1)R[0|i1, . . . , iα+1, . . . , iβ, . . . , in|0|β, τ+n]−(iβ+1)R[0|i1, . . . , iα, . . . , iβ+1, . . . , in|0|α, τ+n]+
+R[0|i1, . . . , iα, . . . , iβ, . . . , in|τ |α, β]
)
(y1)i1 · · · (yα)iα · · · (yβ)iβ · · · (yn)indqα∧dqβ ∧dpτ = 0,
(63)
where i1 + · · · + in = z − 1, α < β. The number of conditions (63) equals the number of
coefficients of the second type. Moreover, in each equation only one coefficient of the type
R[0|i1, . . . , iα, . . . , iβ , . . . , in|τ |α, β] appears and each term R[0|i1, . . . , iα, . . . , iβ, . . . , in|τ |α, β]
is present in exactly one of these equations. Hence we conclude that every coefficient from
the second set can be uniquely expressed by elements from the first collection. Indeed, from
(63)
R[0|i1, . . . , iα, . . . , iβ, . . . , in|τ |α, β] = (iβ + 1)R[0|i1, . . . , iα, . . . , iβ + 1, . . . , in|0|α, τ + n]+
−(iα+1)R[0|i1, . . . , iα+1, . . . , iβ, . . . , in|0|β, τ+n], 0 ≤ i1, . . . , in ≤ z−1, i1+· · ·+in = z−1, α < β.
(64)
The conditions(
(iα+1)R[0|i1, . . . , iα+1, . . . , iβ, . . . , iκ, . . . , in|τ |β, κ]−(iβ+1)R[0|i1, . . . , iα, . . . , iβ+1, . . . , iκ, . . . , in|τ |α, κ]+
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+(iκ + 1)R[0|i1, . . . , iα, . . . , iβ, . . . , iκ + 1, . . . , in|τ |α, β]
)
×
×(y1)i1 · · · (yα)iα · · · (yβ)iβ · · · (yκ)iκ · · · (yn)inyτ+ndqα ∧ dqβ ∧ dqκ = 0,
0 ≤ i1, . . . , in ≤ z − 2, i1 + · · ·+ in = z − 2, α < β < κ (65)
are nontrivial for 3 ≤ n. They are imposed only on terms of the second kind. However,
applying relations (64) we turn them into identities.
Moreover, n2 coefficients of the type R[0|0, . . . , 0, iα = z, 0, . . . , 0|0|α, τ + n] disappear
because
δ
(
R[0|0, . . . , 0, iα = z, 0, . . . , 0|0|α, τ + n](yα)zdqα ∧ dpτ
)
= 0. (66)
Finally, let us investigate consequences of the condition δRγ+r[z] = 0, z ≥ 2 for the
elements of the third type. As can be easily checked, each of these elements appears in at
most min[z, n− 2] equations.
Assume that the element R[υ|i1, . . . , in|0|α, β]pυ(y1)i1 · · · (yn)indqα∧dqβ, is present exactly
in f equations, 0 ≤ f ≤ min[z, n − 2] following from the general condition δRγ+r[z] = 0.
It means that among all possible indices iκ there are exactly f numbers iη such that η 6=
α, η 6= β and iη 6= 0. The total number of terms present in exactly f equations each equals
n

 n
2



 n− 2
f



 z + 1
z − f

 .
Each of the constraints following from the condition δRγ+r[z] = 0 contains three different
coefficients R[υ|i1, . . . , in|0|α, β] and each of these coefficients appears in the same number
of equations following from the constraint δRγ+r[z] = 0. Moreover, any arbitrary pair of
coefficients appears in at most one equation.
Hence the set of n

 n− 1 + (z − 1)
z − 1



 n
3

 equations following from the requirement
δRγ+r[z] = 0 can be divided in min[z, n − 2] separate classes containing only coefficients
R[υ|i1, . . . , in|0|α, β] appearing in the analysed formulas for exactly f times each, where
1 ≤ f ≤ min[z, n − 2]. Each class consists of n

 n
f + 2



 z + 1
z − f

 independent blocks.
Every block is a system of f
3

 f + 2
2

 linear equations containing

 f + 2
2

 coefficients.
Among these equations only

 f + 1
2

 are linearly independent. Therefore from

 f + 2
2


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coefficients only (f + 1) terms are independent. The choice of these (f + 1) elements is not
arbitrary. We propose it below.
Each expression R[υ|i1, . . . , in|0|α, β] pυ (y1)i1 · · · (yn)indqα ∧ dqβ belongs to exactly one
block so each block may be characterized by the quantity pυ (y
1)i1 · · · (yn)indqα ∧ dqβ. How-
ever, the block pυ (y
1)i1 · · · (yn)indqα∧ dqβ can be equivalently determined by the expression
pυ (y
1)i1 · · · (yα)iα+1 · · · (yβ)iβ+1 · · · (yn)in. In the next paragraph we use this latter charac-
terization of blocks.
Let us consider the block pυ(y
s1)is1 · · · (ysf+2)isf+2 , where the indices satisfy the condi-
tions ∀1≤l≤f+2 1 ≤ isl and 1 ≤ s1 < s2 < . . . < sf+2 ≤ n. As the independent f + 1
coefficients R[υ|i1, . . . , in|0|α, β] we choose the elements standing at the exterior products
dqs1 ∧ dqsf+2, . . . , dqsf+1 ∧ dqsf+2. After simple but tedious calculations we arrive at the fol-
lowing relation:
R[υ| . . . , isj−1, . . . , isk−1, . . . , isf+2, . . . |0|sj, sk] =
isk
isf+2
R[υ| . . . , isj−1, . . . , isk , . . . , isf+2−1, . . . |0|sj, sf+2]+
− isj
isf+2
R[υ| . . . , isj , . . . , isk − 1, . . . , isf+2 − 1, . . . |0|sk, sf+2]. (67)
The formula (67) can be applied in the cases when j < k < f + 2.
What is amazing, the elements R[υ|i1, . . . , in|0|α, β],
∑n
j=1 ij = z are determined by
R[0|i1, . . . , in|0|α, β + n] i.e. the elements of the first type and the Abelian connection
components of the degree less than z. The explicit form of this relation is contained in the
Appendix.
From (61) we compute the element r[z + 1], 2 ≤ z. We use the notation analogous to
that applied in the previous considerations and by r[υ|i1, . . . , in|τ |j] we mean the coefficient
standing at pυ (y
1)i1 · · · (yn)inyτ+ndxj, 1 ≤ j ≤ 2n.
There are three kinds of components of r[z + 1]:
1. r[0|i1, . . . , in|0|α+ n] (y1)i1 · · · (yn)indpα,
0 ≤ i1, . . . , in ≤ z + 1, i1 + · · · + in = z + 1. We have n

 z + n
z + 1

 elements of this
type. They appear as images of the elements Rγ+r[z] of the first kind in the mapping
δ−1.
2. r[0|i1, . . . , in|τ |α] (y1)i1 · · · (yn)inyτ+ndqα,
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0 ≤ i1, . . . , in ≤ z, i1 + · · · + in = z. The number of expressions of this form is
n2

 z + n− 1
z

. They come from applying the δ−1 operator to the terms Rγ+r[z] of
the first and the second type. And finally
3. r[υ|i1, . . . , in|0|α] pυ(y1)i1 · · · (yn)indqα,
0 ≤ i1, . . . , in ≤ z+1, i1+ · · ·+ in = z+1. There are n2

 z + n
z + 1

 elements generated
by components of Rγ+r[z] of the third type.
The same classification can be applied for the 1-form of the symplectic connection γ. The
total symmetry of components γijk in the indices {i, j, k} implies
∀α,β,τ γ[0|0, . . . , iα = 1, 0, . . . |τ |β] = γ[0|0, . . . , iβ = 1, 0, . . . |τ |α], (68)
∀α,τ γ[0|i1, . . . , iα, . . . , in|τ |α] = (iα + 1)γ[0|i1, . . . , iα + 1, . . . , in|0|τ + n], (69)
∀α<β ∀υ 0 < iβ γ[υ|i1, . . . , iα, . . . , iβ, . . . , in|0|α] = iα + 1
iβ
γ[υ|i1, . . . , iα+1, . . . , iβ−1, . . . , in|0|β].
(70)
Let us consider some relations between three classes of components of r[z + 1], 2 ≤ z.
After simple calculations we conclude that
r[0| . . . , is1 , . . . , isu , . . . |0|α+ n] =
1
z + 2
u∑
l=1
R[0| . . . , is1 , . . . , isl − 1, . . . , isu, . . . |0|sl, α + n].
(71)
We assume that 1 ≤ u ≤ n, ∀l 0 < isl, is1 + · · ·+ isu = z + 1.
In the special case r[0|0, . . . , iβ = z + 1, 0, . . . |0|α+ n] =
= 1
z+2
R[0|0, . . . , (iβ − 1) = z, 0, . . . |0|β, α+ n].
But we know that ∀β R[0|0, . . . , (iβ − 1) = z, 0, . . . |0|β, α+ n] = 0 so
r[0|0, . . . , iβ = z + 1, 0, . . . |0|α+ n] = 0. (72)
The elements of the second kind are determined by the formula
r[0| . . . , is1, . . . , isu, . . . |τ |α]
(64)
=
iα − z − 1
z + 2
R[0| . . . , is1, . . . , isu , . . . |0|α, τ + n]+
+
iα + 1
z + 2
∑
all l that sl 6=α
R[0| . . . , is1, . . . , isl − 1, . . . , iα + 1, . . . , isu , . . . |0|sl, τ + n], (73)
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is1 + · · ·+ isu = z.
Remember that for all l there is sl 6= α and 0 < sl but it may be iα = 0.
The straightforward consequence of the relation (73) is the statement that for all α, τ
r[0, . . . , 0, iτ = z, 0, . . . , 0|α|τ ] = 0. (74)
Applying (71) to the result (73) we obtain
r[0| . . . , is1 , . . . , isu , . . . |τ |α] =
= (iα + 1)r[0| . . . , is1 , . . . , iα + 1, . . . , isu, . . . |0|τ + n]−R[0| . . . , is1 , . . . , isu, . . . |0|α, τ + n].
(75)
Finally we present formulas determining components of the correction r belonging to the
3rd category.
r[υ| . . . , is1 , . . . , isu , . . . |0|α] =
1
z + 2
∑
all l that sl<α
R[υ| . . . , is1 , . . . , isl−1, . . . , iα, . . . , isu, . . . |0|sl, α]+
− 1
z + 2
∑
all l that sl>α
R[υ| . . . , is1 , . . . , iα, . . . , isl − 1, . . . , isu , . . . |0|α, sl]. (76)
The straightforward consequence of (76) is the equality
r[τ |0, . . . , 0, iα = z + 1, 0, . . . , 0|0|α] = 0 (77)
which also results from the condition δ−1r = 0. Relations (72), (74) and (77) yield (66).
Not all elements R[υ| . . . , is1 , . . . , isu , . . . |0|α, β] are independent. Assume that su = α in
(76). Then
r[υ| . . . , is1, . . . , isu , . . . |0|α] =
1
z + 2
u−1∑
l=1
R[υ| . . . , is1, . . . , isl − 1, . . . , isu , . . . |0|sl, α]. (78)
The relation determining r[υ| . . . , is1 , . . . , isu , . . . |0|α] for su < α is a slight modification of
(78)
r[υ| . . . , is1, . . . , isu , . . . |0|α] =
1
z + 2
u∑
l=1
R[υ| . . . , is1, . . . , isl − 1, . . . , isu , . . . |0|sl, α]. (79)
For su > α from (67) and (78) we obtain
r[υ| . . . , is1 , . . . , isu, . . . |0|α] =
iα + 1
isu
r[υ| . . . , is1, . . . , iα + 1, . . . , isu − 1, . . . |0|su]+
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− 1
isu
R[υ| . . . , is1, . . . , iα, . . . , isu − 1, . . . |0|α, su]. (80)
Remember, that although the formulas (78),(79) and (80) contain the curvature 2–form
components of the third kind, due to the Bianchi identity they are in fact determined
exclusively by the elements R[0|i1, . . . , in|0|α, β + n].
Then we are ready to construct the iterative formula determining Rγ+r[z] by allRγ+r[v], 2 ≤
v ≤ z − 1. We see that it is sufficient to find the relation describing components Rγ+r[z] of
the first kind.
Starting from the definition of the curvature Rγ+r and applying the formula (49) we
obtain that
R[0|i1, . . . , in|0|α, β + n] = ∂
∂qα
r[0|i1, . . . , in|0|β + n]− r[β|i1, . . . , in|0|α] +
n∑
m=1
(
∑
g1+...+gn=1
∀c0≤gc≤min[ic,1]
(gm+1)·γ[0|g1, . . . , gm+1, . . . , gn|0|β+n]·r[0|i1−g1, . . . , im−gm, . . . , in−gn|m|α]+
+
∑
g1+...+gn=z−1
∀cmax[0,ic−1]≤gc≤min[ic,z−1]
(gm+1)r[0|g1, . . . , gm+1, . . . , gn|0|β+n]γ[0|i1−g1, . . . , im−gm, . . . , in−gn|m|α]+
+
∑
2≤g1+...+gn≤z−2
∀c0≤gc≤min[ic,z−2]
(gm+1)·r[0|g1, . . . , gm+1, . . . , gn|0|β+n]·r[0|i1−g1, . . . , im−gm, . . . , in−gn|m|α]
)
.
(81)
The sum i1 + . . .+ in = z. This iterative formula plus relations presented before completely
define the Fedosov ∗-product with the symplectic connection compatible with some linear
connection according to the scheme proposed in the second Section. We see that to construct
the Abelian connection it is sufficient to know the symplectic connection coefficients γIαβ
and the symplectic curvature tensor components KαβδI . The coefficients γαβδ influence the
Abelian connection γ + r only indirectly through the elements KαβδI .
In fact the Fedosov scheme of calculating the Abelian connection for a compatible sym-
plectic connection reduces to the loop:
1. the Abelian connection 1–form γ +
∑z
l=3 r[l] and the curvature 2–form
∑z−1
l=2 Rγ+r[l]
elements of the 1st and 3rd type are known;
2. from (81) one gets all components of the curvature 2–form of the 1st type
R[0|i1, . . . , in|0|α, β + n], i1 + · · ·+ in = z ;
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3. then from the formula presented in the Appendix one hasR[υ| . . . , is1, . . . , isu , . . . |0|α, β]
for su ≤ β, is1 + · · ·+ isu = z;
4. using the formula (71) one finds all of the coefficients r[0|i1, . . . , in|0|α+n], i1+ · · ·+
in = z + 1;
5. from (75) one obtains the elements of the form r[0|i1, . . . , in|τ |α], i1 + · · ·+ in = z.
6. in the next step one calculates r[υ|i1, . . . , in|0|α], i1 + · · · + in = z + 1 applying
relations (78), (79) and (80);
7. one comes back to the 1st step of the loop with z → z + 1.
B. The ∗- product of functions
Let (W, ω, γ) be a Fedosov manifold and P∗W [[~]] the Weyl algebra bundle over the
manifold (W, ω, γ). The Weyl bundle is equipped with the Abelian connection γ˜ of the form
(57).
The subalgebra P∗W[[~]]γ˜ ⊂ C∞(P∗W [[~]]) consists of flat sections of the Weyl bundle
C∞(P∗W[[~]]) i.e. the sections satisfying the condition ∀a ∈ P∗W[[~]]γ˜ ∂γ˜a = 0. Fedosov
showed7,8 that for any a0 ∈ C∞(W) there exists a unique a ∈ P∗W [[~]]γ˜ such that
σ(a) := a|y=0 = a0.
The element a = σ−1(a0) can be found by the iteration
a = a0 + δ
−1
(
∂γa +
i
h
[r, a]
)
. (82)
This relation means that
a[0] = a0,
a[z] = δ−1
(
∂γa[z − 1] + i
h
z−2∑
l=1
[
r[z + 1− l], a[l]
])
, z ≥ 1. (83)
Hereafter we restrict our considerations to the situation where the symplectic manifold
(W, ω) is a cotangent bundle T ∗M and γ is a compatible symplectic connection on it. We
focus on some properties of the series σ−1(a0) in this case.
Let us start from the following observation.
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Corollary 1 An element ~kg (y1)i1 · · · (y2n)i2n ∈ C∞(P∗W[[~]]), g ∈ C∞(T ∗M), i1+ · · ·+
i2n ≥ 1 is given. The expression
δ−1
(
i
~
[
γ + r, ~kg (y1)i1 · · · (y2n)i2n
])
=
∞∑
d=0
∞∑
j1+···+j2n=1
~
k+2dbk+2d j1...j2n (y
1)j1 · · · (y2n)j2n,
where γ is the 1–form representing a compatible symplectic connection, r is the Abelian con-
nection series generated by γ, and bk+2d j1...j2n are some smooth functions on T ∗M. Moreover
n∑
l=1
jl+n =
n∑
l=1
il+n − 2d
for elements obtained from commutators with γ or r of the first and of the second kind (see
the classification in the previous subsection) and
n∑
l=1
jl+n =
n∑
l=1
il+n − 2d− 1
if components of γ or r were of the third kind.
This corollary is the straightforward consequence of two definitions: of the commutator and
of the operator δ−1.
Thus we see that the commutators appearing in the recurrence (82) do not increase the
number of y’s with momenta indices. Moreover ∀K jK ≤ iK + 1 if the commutators are
calculated with elements of γ+r of the 1st and 2nd kind and ∀K jK ≤ iK if the commutators
with γ + r of the 3rd type are considered. We recall that the capital letters correspond to
momenta coordinates.
Therefore we observe that the total number of momenta-like elements (yK)iK may increase
only in the operation δ−1
(
~
kdg (y1)i1 · · · (y2n)i2n
)
.
In contrary, let an element g (y1)i1 · · · (y2n)i2n , g ∈ C∞(T ∗M), ∑ns=1 is = l be given.
Then every term generated from this element by the recurrence (82) contains at least l
position-like components yα.
Corollary 2 Let a0 = (p1)
i1 · · · (pn)inf(q1, . . . , qn) be a smooth function defined on the
cotangent bundle T ∗M. Then σ−1(a0) consists only of elements of the form
~
2dg2d l1...ln j1...j2n(q
1, . . . , qn)(p1)
l1 · · · (pn)ln(y1)j1 · · · (y2n)j2n
such that 2d+
∑n
s=1 ls +
∑n
s=1 jn+s =
∑n
s=1 is.
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The proof of this corollary can be done with the use of the mathematical induction and
Corollary 1.
Hence we conclude that if a0 is a function of the spatial coordinates only then the series
σ−1(a0) contains neither positive powers of the deformation parameter ~ nor y
K. Thus
σ−1(a0)[z] is a polynomial in y
α of the degree z.Moreover, there are not any terms (pl)
lv , lv >
0 in this series. Degrees of partial derivatives of a0 in σ
−1(a0)[z] are from the ordered set
{1, . . . , z}.
In the process of generating σ−1(a0) in this case only two kinds of elements can be different
from 0: the exterior derivatives and the commutators with components γ + r of the 2nd
category.
For any function a0 ∈ C∞(T ∗M) the element a[z], z ≥ 1 consists of the terms of the form
~
2d(p1)
l1 . . . (pn)
lnf(q1, . . . , qn)
∂i1+···+i2na0
∂i1q1 . . . ∂i2npn
(y1)j1 · · · (y2n)j2n .
This is a short list of properties of the above expressions.
1. 4d+ j1 + · · ·+ j2n = z , 1 ≤ j1 + · · ·+ j2n ≤ z , 1 ≤ i1 + · · ·+ i2n ≤ z,
2.
n∑
s=1
is+n = 2d+
n∑
s=1
js+n +
n∑
s=1
ls. (84)
Corollary 2 is compatible with this statement. Moreover, if the function a0 depends
only on momenta p1, . . . , pn then for elements σ
−1(a0) containing exclusively momenta–
like components yK there is
n∑
s=1
is+n = 2d+
n∑
s=1
js+n.
3. The maximal value of the sum
∑n
s=1 ls =
[
z
2
]
. If
∑n
s=1 ls =
z
2
, where z is an even
number, then 2d+
∑n
s=1 js+n = 0 and
∑n
s=1 is+n =
z
2
.
4. Every function f(q1, . . . , qn) is a polynomial in symplectic connection coefficients γIαβ,
partial derivatives of components γαβδ with respect to momenta and partial derivatives
of quantities from these two groups with respect to spatial coordinates.
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All of these observations follow from a simple but boring analysis of the Fedosov recurrence.
Using the one-to-one correspondence between the collection of the flat sections P∗W [[~]]γ˜
and the set C∞(W) we introduce the associative star product ‘∗’ of functions a0, b0 ∈ C∞(W)
a0 ∗ b0 := σ
(
σ−1(a0) ◦ σ−1(b0)
)
. (85)
This ∗–product is natural and of the Vey type.
Moreover, applying the definition from (85) to the ∗–product of functions depending only
on spatial coordinates we see that their ∗-product is the usual pointwise multiplication of
functions. Provided that we multiply two elements of the form[
(p1)
i1 . . . (pn)
inf(q1, . . . , qn)
]
∗
[
(p1)
j1 . . . (pn)
jng(q1, . . . , qn)
]
,
we see from Corollary 2 that the maximal power of ~ appearing in this product does not
exceed ~i1+···+in+j1+···+jn.
Hence in general pα ∗ pβ = pα · pβ + ~2f, where the function f depends only on the
coefficients of the linear connection from the base space (see relation (13)). Thus if the
configuration space M is flat then we can always choose the spatial coordinates so that for
all momenta canonically conjugated with them pα ∗ pβ = pα · pβ.
Let us write σ−1(a0)[z] as
σ−1(a0)[za] = a[za] =
[ za−12 ]∑
da=0
~
2daa2da [za − 4da].
Then for every ∗–product calculated according to the Fedosov method the term Bi(a0, b0)
depends only on elements a[za], b[zb], which satisfy the following relations
1 ≤ za, zb ≤ 2i− 1, za + zb = 2i, da + db ≤ i− 1
2
,
zb − za = 4(db − da), za − 4da ≤ i, zb − 4db ≤ i. (86)
Assume that the ∗-product is generated on a cotangent bundle according to Fedosov’s
algorithm with some compatible symplectic connection. Then in a proper Darboux chart
all of the expressions Bi(a0, b0) for a fixed i ≥ 1 are sums of elements
f(q1, . . . , qn)
∂ k1+...+k2na0
∂(q1)k1 . . . ∂(pn)k2n
∂ j1+...+j2nb0
∂(q1)j1 . . . ∂(pn)j2n
and (87)
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ps11 . . . p
sn
n g(q
1, . . . , qn)
∂ k1+...+k2na0
∂(q1)k1 . . . ∂(pn)k2n
∂ j1+...+j2nb0
∂(q1)j1 . . . ∂(pn)j2n
, (88)
∃1≤v≤n sv > 0, 1 ≤ k1 + · · ·+ k2n ≤ i , 1 ≤ j1 + · · ·+ j2n ≤ i.
From (84) we see that
∑2n
u=n+1 ku +
∑2n
u=n+1 ju − i =
∑n
v=1 sv. Moreover,
∑n
v=1 sv ≤
[
i
2
]
.
Let us assume that a0(q
1, . . . , qn) is some function only of spatial coordinates. Then the
component Bi(a0, b0) of the product of a0 with an arbitrary function b0(q
1, . . . , pn) satisfies
the following properties:
1. zb − za (86)= 4db and therefore zb ≥ i ≥ za,
2. zb = i+ 2db so za, zb and i are of the same parity,
3. only components of σ−1(b0) containing exclusively momenta-like y
K are present in the
product a0 ∗ b0. Thus the terms of the kind (88) from the series σ−1(b0) do not appear
in the deformed multiplication.
4. Hence ∀i≥1 Bi(a0, b0) =
∑
jn+1+...+j2n=i
∑
1≤i1+...+in≤i
gi1...j2n(q
1, . . . , qn)×
× ∂
i1+...+ina0
∂(q1)i1 . . . ∂(qn)in
∂ jn+1+...+j2nb0
∂(p1)jn+1 . . . ∂(pn)j2n
.
5. If b0 = b1(q
1, . . . , qn) · b2(p1, . . . , pn) then a0 ∗ b0 = b1 · (a0 ∗ b2).
The canonical variables q1, . . . , pn fulfill commutation relations consistent with the Dirac
quantization rules
{qα, qβ}M = 0 , {qα, pβ}M = −i~δαβ , {pα, pβ}M = 0. (89)
By the symbol {·, ·}M we denote the Moyal bracket of functions {a0, b0}M := a0 ∗ b0− b0 ∗a0.
Observe that the sign in the second Equation (89) is the consequence of the Fedosov sign
convention. Commutation relations (89) are invariant under the point transformations (11).
C. Examples
Assume the compatible symplectic connection is the induced symplectic connection de-
fined by relations (36). As we remember, in this situation the symplectic curvature tensor
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satisfies property (41). Moreover, from the relation (81) we can see that this symmetry is
inherited by the terms R[0|i1, . . . , in|0|α, β + n](y1)i1 · · · (yn)indqα ∧ dpβ of higher degrees.
Thus we conclude that the Abelian connection series generated by the induced symplectic
connection (36) is determined by the relatively simple formulas:
∀i1,...,in ∀α r[0|i1, . . . , in|0|α+ n] = 0,
∀i1,...,in ∀α,τ r[0|i1, . . . , in|τ |α] = −R[0|i1, . . . , in|0|α, τ + n],
∀i1,...,in ∀α,β R[0|i1, . . . , in|0|α, β + n] = −r[β|i1, . . . , in|0|α]+
−
n∑
m=1
∑
g1+...+gn=1
∀c0≤gc≤min[ic,1]
(gm+1)·γ[0|g1, . . . , gm+1, . . . , gn|0|β+n]·R[0|i1−g1, . . . , im−gm, . . . , in−gn|0|α,m+n].
(90)
Let us mention the case when the compatible symplectic connection is of the form (43).
Then the Abelian connection consists only of elements of the first and second type. Thus
every component Bi(a0, b0) of the product a0 ∗ b0 is only a sum of terms of the kind (87).
Functions f(q1, . . . , qn) from the formula (87) are polynomials in the linear connection Γαβδ
coefficients and their partial derivatives. These functions do not change along the fibres of
the cotangent bundle T ∗M.
V. CONCLUSIONS
Starting from a few physical prerequisities we introduced some class of symplectic connec-
tions on a cotangent bundle T ∗M. These connections are constructed in a proper Darboux
atlas and their construction is global. Since they are modelled by a linear connection from
the base space M we call them symplectic connections compatible with a given linear con-
nection. There are many symplectic connections compatible with the same linear symmetric
connection. Their geometric description is contained in Theorem 1.
It seems that among all symplectic connections with which the cotangent bundle T ∗M
can be equipped, the compatible symplectic connections are the most natural. The reasons
for this statement are that they contain the linear connection from the base manifold M
and are of simple structure.
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There is a deep geometrical relation between the compatible symplectic connection and
its original linear connection. For every smooth curve on T ∗M and every vector field X
transport parallel along this curve with respect to the compatible symplectic connection we
obtain that the projected vector field π∗(X) is parallel propagated along the projected curve
on M with respect to the linear connection generating our symplectic connection.
A symplectic connection on a symplectic space can be used, via the Fedosov construction,
to introduce a natural ∗–product on this symplectic manifold. We propose a detailed analysis
of this construction for a compatible symplectic connection. We prove that there are only
three kinds of terms appearing in the Abelian connection γ+ r series. This simplicity of the
Abelian connection series influences the ∗–product. We enumerate several properties of this
family of ∗–products.
We stress that all star products generated by compatible symplectic connections are
equivalent. However, in quantum mechanics the equivalent ∗–products yield different phys-
ical results. It is also probable that quantum mechanics involves more than one ∗–product.
Thus we do not restrict ourselves to the induced symplectic connection, which is the most
elegant from the mathematical point of view but propose the whole family of compatible
symplectic connections.
It seems that in the case of the ∗–product generated by a compatible symplectic con-
nection it is possible to find some explicit noniterative formula defining this ∗–product.
However, such a problem is beyond our interest in the context of the current article.
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Appendix: The formula determining R[υ|i1, . . . , in|0|α, β]
After simple but tedious calculations based on the Bianchi identity (62) and the results
(64), (69), (75) we obtain
R[υ|i1, . . . , in|0|α, β] = ∂R[0|i1, . . . , in|0|α, υ + n]
∂qβ
− ∂R[0|i1, . . . , in|0|β, υ + n]
∂qα
+
n∑
l=1
(sl+1)
(
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∑
s1+···+sn=z−1
∀cmax[ic−1,0]≤sc≤ic
[
(iβ−sβ+1)R[0|s1, . . . , sl+1, . . . , sn|0|α, υ+n]γ[0|i1−s1, . . . , iβ−sβ+1, . . . , in−sn|0|l+n]+
−(iα−sα+1)R[0|s1, . . . , sl+1, . . . , sn|0|β, υ+n]γ[0|i1−s1, . . . , iα−sα+1, . . . , in−sn|0|l+n]
]
+
+
∑
1≤s1+···+sn≤z−2
∀c 0≤sc≤min[z−2,ic]
[
(iβ−sβ+1)R[0|s1, . . . , sl+1, . . . , sn|0|α, υ+n]r[0|i1−s1, . . . , iβ−sβ+1, . . . , in−sn|0|l+n]+
−(iα−sα+1)R[0|s1, . . . , sl+1, . . . , sn|0|β, υ+n]r[0|i1−s1, . . . , iα−sα+1, . . . , in−sn|0|l+n]
]
+
+
∑
1≤s1+···+sn≤z−2
∀c 0≤sc≤min[z−2,ic]
[
R[0|s1, . . . , sl+1, . . . , sn|0|β, υ+n]R[0|i1−s1, . . . , il−sl, . . . , in−sn|0|α, l+n]+
−R[0|s1, . . . , sl + 1, . . . , sn|0|α, υ + n]R[0|i1 − s1, . . . , il − sl, . . . , in − sn|0|β, l + n]
])
+
+
n∑
l=1
(il − sl + 1)
(
∑
s1+···+sn=z−1
∀cmax[ic−2,0]≤sc≤ic
[
(sβ+1)R[0|s1, . . . , sβ+1, . . . , sn|0|α, l+n]γ[0|i1−s1, . . . , il−sl+1, . . . , in−sn|0|υ+n]+
−(sα+1)R[0|s1, . . . , sα+1, . . . , sn|0|β, l+n]γ[0|i1− s1, . . . , il− sl+1, . . . , in− sn|0|υ+n]
]
+
+
∑
1≤s1+···+sn≤z−2
∀c 0≤sc≤min[z−2,ic]
[
(sβ+1)R[0|s1, . . . , sβ+1, . . . , sn|0|α, l+n]r[0|i1−s1, . . . , il−sl+1, . . . , in−sn|0|υ+n]+
−(sα+1)R[0|s1, . . . , sα+1, . . . , sn|0|β, l+n]r[0|i1−s1, . . . , il−sl+1, . . . , in−sn|0|υ+n]
])
.
It is assumed that
∑n
l=1 il = z > 2.
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